The focus of this paper is on incorporating the particle size effect and the effect of particlematrix interfacial properties on the average onset of plasticity and strain hardening rates of metal matrix composites reinforced with hard, stiff, or soft particles. In order to achieve this objective, a higher-order gradient plasticity theory that explicitly includes the effect of interfacial energy at particle-matrix interfaces is formulated within the frameworks of virtual power and thermodynamic laws. The derived higher-order gradient plasticity theory also takes into account large variations in plastic strain tensor and effective plastic strain; namely, the gradient of plastic strain, the gradient of the effective plastic strain, and the accumulation of plastic strain gradients. Moreover, unlike the majority of the existing gradient plasticity theories in the literature, it is shown that the matrix nonlocal yield condition as well as a yield-like condition for the particle-matrix interface can be directly derived from the principle of virtual power without any further constitutive assumptions. Also, in this work the interfaces dissipate energy similar to the bulk material during plastic deformation. The interfacial yield condition takes into consideration the particle type (soft, stiff, hard) through the incorporation of the particle-matrix interfacial yield strength and interfacial hardening in case of dislocation transmission across the interface (i.e. shearing of particles). The proposed higher-order gradient plasticity theory is shown to be qualitatively successful in predicting the increase in the average yield strength, strain hardening rates, and flow stress as the particle size decreases and the particle interfacial strength increases.
INTRODUCTION
Advanced metal matrix composites (AMMCs; i.e., pure metals or metallic alloys with dispersed particles or inclusions at decreasing microstructural length scales ranging in size from a few micrometers down to hundreds of nanometers) with mechanical and physical properties well in excess of those exhibited by conventional metal matrix composites (i.e., pure metals or metallic alloys that consist of large particles, fibers, whiskers, etc.) are of considerable economic, technological, and scientific interest and will contribute significantly to the heightened performance of structural components and systems in many industries. For example, with the introduction of stronger safety legislation and increased fuel prices, auto manufacturers are striving for increasing the car body stiffness for safety and lowering the body weight for fuel efficiency by designing a new generation of advanced high-strength steels (AHSS) embedded with metallic and/or ceramic particles of different sizes. Figure 1 shows an AHSS embedded with inclusions at two distinct scales: Primary particles (such as titanium nitrides) are typically on the order of several microns in size, and secondary particles (such as titanium carbides and manganese sulfides) are on the order of hundreds of nanometers in size.
Generally, second-phase particles play a dual role: (1) On one hand, depending on their size and interfacial hardening properties, they can sig-
FIGURE 1.
A transmission electron microscopy (TEM) micrograph of the microstructure of an ultra-highstrength steel showing the different levels of dispersed small particles nificantly increase the strength and improve the plastic work-hardening behavior; (2) on the other hand, depending on their strength and interfacial strength, particle cracking and/or interfacial debonding cause nucleation, growth, and coalescence of microvoids and microcracks, which eventually lead to damage induced-anisotropy and ductile failure. Many researchers have investigated the interfacial damage effects (e.g., [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] ), whereas very few have researched the interfacial strengthening and hardening mechanisms due to varying particle sizes and varying particle-matrix interfacial properties. Therefore the focus of this article is on the particle size and interfacial hardening effects in AMMCs. Several experimental works on particlereinforced composites have revealed that a substantial increase in the macroscopic yield strength and flow stress can be achieved by decreasing the particle size, while keeping the volume fraction constant (e.g., [15] [16] [17] [18] [19] [20] ). Therefore there is great need for the development of a mechanical theory that can accommodate size effects in AMMCs and that can be used for bridging the length scales.
Theoretical modeling and multiscale computational simulations are necessary for the design of new generations of AMMCs. Therefore it is imperative to develop a constitutive model and a multiscale framework that can be used successfully in incorporating the strengthening effects due to the reduction in particle (inclusion) size and the effects of the interfacial hardening by incorporating the particle-matrix interfacial mechanical properties (e.g., interfacial strength and hardening). Unfortunately, the classical continuum plasticity theories (e.g., von Mises or Drucker-Prager) are unable to predict the influence of particle size due to the absence of a microstructural length scale parameter in their constitutive equations (e.g., [5, [21] [22] [23] [24] ). Therefore, within a classical continuum mechanics framework, the mechanical properties of multiphase materials only depend on the volume fraction of particles, while the particle size is not accounted for. However, the mechanical properties of advanced materials, with a typical distance D between particles and particle size d, depend on how these geometrical parameters interfere with other characteristic distances such as the mean-free path of dislocations. Reducing the size of particles, while keeping the volume fraction constant, significantly improves the material macroscopic mechanical prop-erties. Furthermore, there are several other types of size effects that the classical continuum theories fail to predict. For example, experimental works have shown an increase in strength by decreasing (1) the diameter of microwires under torsion [23] , (2) the thickness of thin films under bending or uniaxial tension (e.g., [25] [26] [27] [28] [29] [30] ), (3) the indentation depth in micro/nano indentation tests (e.g., [31] [32] [33] [34] [35] [36] [37] [38] ), (4) the grain size of nanocrystalline materials (the well-known Hall-Petch effect), (5) the void size in nanoporous media, and several others.
Since the increase in strength with decreasing scale can be related to a proportional increase in the strain gradients in each of the aforementioned experiments, the gradient plasticity theory has been successful in addressing the size effect problem. This success stems from the incorporation of a microstructural length-scale parameter through functional dependencies on the plastic strain gradient of nonlocal media [39, 40] . The gradient-dependent theory abandons the assumption that the stress at a given point is uniquely determined by the history of strain at this point only. It takes into account possible interactions with other material points in the vicinity of that point. However, in the past decade, the physical basis of the gradient plasticity theory for metals has been founded on theoretical developments concerning geometrically necessary dislocations (GNDs) [41] . Standard micromechanical modeling of the inelastic material behavior of metallic single crystals and polycrystals is commonly based on the premise that resistance to glide is due mainly to the random trapping of mobile dislocations during locally homogeneous deformation. Such trapped dislocations are commonly referred to as statistically stored dislocations and act as obstacles to further dislocation motion, resulting in hardening. As anticipated in the work of Ashby [21] , an additional contribution to the density of immobile dislocations, and so to hardening, can arise when the continuum length scale approaches that of the dominant microstructural features. An extensive review of the recent developments in gradientdependent theory can be found in Voyiadjis and Abu Al-Rub [42] . A short review of these developments is presented here.
Many researchers have contributed substantially to the gradient approach, with emphasis on numerical aspects of the theory and its implementation in finite element codes (e.g., [43] [44] [45] [46] [47] [48] [49] [50] [51] [52] ). In parallel, other approaches that have length-scale parameters in their constitutive structure (commonly referred to as nonlocal integral theories) have appeared as an outgrowth of earlier work by Eringen in nonlocal continuum elasticity and phenomenological hardening plasticity (e.g., [53] ) and Bazant in strain softening media (e.g., [54, 55] ). Another class of gradient theories has been advocated in the last two decades that assume higher-order gradients of the plastic strain field (e.g., [56] [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] [67] [68] [69] [70] [71] ). This group of theories is in fact a particular case of the generalized continua, such as micromorphic continua [72] or continua with microstructure [73] , which were all inspired by the pioneering work of the Cosserat brothers [74] . The Cosserat continuum (or micropolar continuum) enhances the kinematic description of deformation by an additional field of local rotations, which can depend on the rotations corresponding to the displacement field, that is, on the skew-symmetric part of the displacement gradient for the small-displacement theory or on the rotational part of the polar decomposition in the large-displacement theory. However, the works of Mindlin, Cosserat, and Eringen are based on the classical balances of linear and angular momentum. In contrast, the works of Fleck, Gurtin, Gudmundson, and Abu Al-Rub involve the introduction of additional balances over and above these classical balances; for example, for single-crystal plasticity, there is a new balance for each slip system involving forces that expend power in consort with slip on that system. Moreover, dislocation-based gradient plasticity theories that are motivated by the generation of GNDs and incompatibility of lattice deformation have been advanced [75] [76] [77] [78] [79] [80] [81] . However, these theories preserve the same structure of classical plasticity, with no explicit accounting for the microscopic additional boundary conditions that should be enforced at free surfaces and constrained interfaces.
Numerous variational formulations and thermodynamic frameworks have also been proposed since the 1990s to extend the classical (local) constitutive theory to a nonlocal (gradient-dependent) theory. However, these constitutive models are far from being firmly established. Moreover, the various proposals are also quite different with respect to the structure of the equations. Mühlhaus and Aifantis [82] formulated the classical (local) incremental variational principle by incorporating first- order gradients of the effective (scalar) plastic strain variable, which contributes to the isotropic hardening/softening plasticity. Extra boundary conditions and higher-order stresses were derived. However, in their formulation, the higher-order tractions that result from higher-order gradients were not considered. Fleck and Hutchinson [59] reformulated their earlier theory [57, 58] based on the variational principle of [82] , but with different constitutive structure. In the formulation of [59] , higher-order tractions, higher-order stresses, and extra boundary conditions were derived. Valanis [83] and Fremond and Nedjar [84] postulated the dependence of the Helmholtz free energy on scalar variables and on its first-order gradients. Additionally, they checked the consistency of their constitutive equations using the classical (local) form of the Clausius-Duhem inequality. However, Polizzotto (e.g., [85, 86] ) assumed a nonlocal form of the Clausius-Duhem inequality based on the concept of the nonlocality energy residual introduced by [53] . First-and second-order gradients of the effective plastic strain were incorporated in their formulation, in which the nonlocality residual enters the definition of the Clausius-Duhem inequality as an extra term that accounts for the energy exchanges between the particles in the domain of interest at the microstructural level. Moreover, Polizzotto proposed the insulation condition, which assumes the vanishing of the total nonlocal residuals over the whole volume of the body, to derive the extra boundary conditions. The thermodynamic framework of Polizzotto was used by Steinmann (e.g., [87, 88] ) to derive several strain gradient plasticity models into which the secondorder gradient of the effective plastic strain was incorporated. Shizawa and Zbib [89] derived a rigorous thermodynamical theory of finite strain gradient plasticity by incorporating kinematic gradient hardening effects through the concept of a dislocation density tensor. A similar gradient-based thermodynamic framework was proposed by [90] . Another thermodynamic approach was developed by Gurtin (e.g., [64] [65] [66] [67] ), who treated the plastic strain gradients as independent variables, differently from the above frameworks, and introduced the concept of microforce balance, which is shown in [70] to be equivalent to the nonlocal yield condition. Gurtin introduced both isotropic (dissipative) and kinematic (energetic) gradient hardening effects and argued that the plastic flow direction is governed by a microstress, obtained from the microforce balance, and not the deviatoric Cauchy stress. In Gurtin's framework, however, only the kinematic (energetic) hardening variables enter the variational formulation, without the isotropic hardening variables. Isotropic hardening is incorporated through constitutive assumptions that postulate the additive decomposition of the higher-order gradient conjugate force into an energetic part and a dissipative part. A very similar variational and thermodynamical framework has been proposed by [69] . Bammann [78] has developed a very attractive dislocation-based thermodynamic framework that incorporates the effect of geometrically necessary dislocations through the curl of the plastic deformation gradient. Thermodynamic approaches to gradient-dependent plasticity and damage models were developed by Voyiadjis et al. [91, 92] and Abu Al-Rub and Voyiadjis [80, 81] , who postulated the dependence of the Helmholtz free energy on scalar and tensorial hardening/softening variables and its second-order gradients. However, no explicit treatment of nonstandard boundary conditions was considered in this framework. Clayton et al. [79] presented a novel finite deformation thermodynamic framework to describe spatial rotational gradients in crystals by introducing a mathematical concept for geometrically necessary disclinations at grain boundaries. However, the effects of these rotational gradients are expected to be minimal in small-strain problems.
The gradient theory has been applied to interpret size-dependent phenomena, including shear banding, micro-and nanoindentation, twist of thin wires, bending of thin films, void growth, crack tip plasticity, fine-grained metals, strengthening in metal matrix composites, multilayers, and so on (see [42] for a detailed review). Therefore practical applications of gradient-dependent theories include, but are not limited to, sensors, actuators, microelecromechanical systems, microelectronic packaging, advanced composites, micromachining, welds, and functionally graded materials. However, the full utility of the gradient-type theories in bridging the gap between modeling, simulation, and design of modern technology hinges on one's ability to determine accurate values for the constitutive lengthscale parameter that scales the effects of strain gradients. This issue has been peripherally addressed by [60, [93] [94] [95] . A more rigorous identification of the material length scale from microdeformation experiments and its physical interpretation based on dislocation mechanics has been presented by [80, [96] [97] [98] [99] . Abu Al-Rub and Voyiadjis [96] have shown that indentation experiments are the most effective test for measuring the length scale parameter in the gradient plasticity theory. Moreover, they have shown that this material length scale is proportional to the average spacing between dislocations (or the dislocation mean free path or the dislocation cell size) such that it cannot be assumed constant or fixed, but instead evolves with the course of plastic deformation and microstructural features (e.g., grain size, inclusion size). Abu Al-Rub and Voyiadjis [97] also derived an evolution equation for as a function of temperature, strain, strain rate, and a set of measurable microstructural physical parameters. Voyiadjis and Abu Al-Rub [99] and Abu AlRub and Voyiadjis [80, 81] found that the length scale varies with the course of plastic deformation, grain size, characteristic dimension of the specimen, and strain-hardening exponent.
However, of the aforementioned gradient plasticity theories, very few have emphasized the physical nature of the additional (nonclassical) boundary conditions that result from the mathematical treatment of gradient plasticity within the variational framework. Starting from the work of Gudmundson [69] , Aifantis and Willis [24, 100] , Fredricksson and Gudmundson [101] , and Abu Al-Rub et al. [70] have shown that these additional microscopic boundary conditions can be expressed physically in terms of the surface or interfacial energy at free surfaces and interfaces of micro/nano structured metals. Recently, Abu Al-Rub [102] investigated different mathematical forms of the interfacial energy and formulated, besides the yield condition for the bulk, a yieldlike condition at the interface. Therefore the introduction of interfacial energies at the particle-matrix interfaces in advanced metallic composites allows one to incorporate the interfacial mechanical properties of interfaces (e.g., interfacial yield strength and hardening) such that dislocation emission and transmission at interfaces can be accounted for explicitly. Therefore different stiffnesses of the particle-matrix interface can be considered (e.g., hard, stiff, intermediate, and soft), depending on the level of interfacial energy.
The objective of this article is to extend and utilize the preceding frameworks of gradient plasticity to address the problem of strain hardening in particle-reinforced metal matrix composites due to particle or inclusion size effects. The pioneering works contributed by, among others, Aifantis, Eringen, Gurtin, Polizzotto, Fleck, and Hutchinson, and their coworkers, have been a source of inspiration for this work. Therefore a unified treatment of gradient plasticity to address size hardening effects in advanced composites is presented in this article. Emphasis is placed on bulk and interfacial hardening effects, whereas bulk and interfacial softening effects (e.g., particle debonding) will be presented in a future work. Moreover, since the works of Abu Al-Rub et al. [70] and Abu Al-Rub [102] assume nondissipative interfaces, the internal virtual and thermodynamic frameworks of Abu Al-Rub et al. [70] for strain gradient plasticity theory are modified here to include interfacial dissipation effects such that besides the dissipation energy within the bulk or the matrix, the interface is allowed to dissipate energy due to interfacial plastic deformation. Furthermore, an additional internal state variable is introduced in the formulation of Abu Al-Rub et al. [70] for the sake of completeness in describing the large variations in plastic strains at small length scales. Thus, besides the gradient of plastic strain tensor and the gradient of effective (equivalent or accumulative) plastic strain, the accumulation of the plastic strain gradients is also incorporated as an additional internal state variable, which leads to additional hardening effects. Furthermore, the recent study by Abu Al-Rub [102] is used to guide the proper mathematical form for the interfacial energy function at the particle-matrix interface.
The layout of the article is as follows: In Section 2, the nonlocal plasticity theory is formulated based on the principle of virtual power and laws of thermodynamics. The bulk (matrix) and interface (particle-matrix interface) gradient hardening effects are considered in a unified framework. In Section 3, the physical interpretations of the two material length scales, one for the bulk and another for the interface, are presented. In Section 4, an application of the formulated theory for predicting the size-scale effects in particle-reinforced metal matrix composites is presented.
Hereafter, || || is the Euclidean norm of second rank tensors, (:) stands for tensor contraction, the superimposed dot (·) indicates the differentiation with respect to time t, and a comma fol-lowed by an index i denotes differentiation with respect to x i . The first-order gradient, divergence, curl, and Laplacian of a second-order tensor field A are defined by
NONLOCAL THERMODYNAMIC FORMULATION
The formulation of a continuum-based plasticity model requires the satisfaction of the axioms of equilibrium and thermodynamics. This section presents the principle of virtual power and the fundamental statements of irreversible thermodynamics that are commonly used in the mathematical modeling of the material thermomechanical behavior.
Basic Kinematics and Assumptions
The classical theory of isotropic plastic solids undergoing small deformations is based on the additive decomposition of the total strain rate into elastic and plastic parts, where ε e is the elastic component and ε p is the corresponding plastic component such thaṫ
where the superscripts e and p designate the elastic and plastic components, respectively. The secondorder tensor,ε, is the rate of deformation, which is defined by the symmetric part of the velocity gradi-
In classical continuum plasticity, the isotropic hardening variable (history variable),ṗ, is defined as the rate of the local effective plastic strain and is expressed byṗ
Moreover, one can define the unit direction of the plastic strain as
such that one can write
where the last expression in the above equation corresponds to the flow rule definition in the classical plasticity theory. Operating on the rate of effective plastic strain in Eq. (3) by the first-order gradient yieldsṗ
a useful result that will be used in subsequent developments. Now, to be able to model the effect of the particle size on the strength of AMMCs, higher-order plastic strain gradients should be incorporated into the formulation of a plasticity theory. This can be done by assuming that the internal energy depends not only on the internal state variables ε p and p, as in the classical plasticity theory, but also on its spatial higherorder gradients ∇ε p and ∇p. The third-order tensor (∇ε p ) ijk = ε p ij,k introduces anisotropy through kinematic hardening, which is attributed to the net Burgers vector being not equal to zero at the microscale [103] . The first-order gradient (∇p) k = p ,k introduces isotropic hardening or internal history, which is attributed to the accumulation of the socalled GNDs [21] . Indeed, for metal matrix micro/nano composites, the resulting deformation incompatibility between, for example, hard or soft inclusions, due to elastic modulus and coefficient of thermal expansion mismatch, is accommodated by the development of GNDs (see Fig. 2 ). The plastic strain gradient, ∇ε p , is related to the GND density tensor, G, through the following relation [41, 103] :
where e irq is the permutation symbol. In addition, the gradient of the effective plastic strain, ∇p, is related to the effective density of GND, ρ G , through the following relation [21] :
where b is the magnitude of the Burgers vector. Therefore the presence of higher-order gradients through the plastic strain tensor (i.e., ∇ε p ) leads to higher-order gradients in the accumulation of plastic strain (i.e., ∇p) such that one cannot exist without the other. Furthermore, because of the presence of both ∇ε p and ∇p, the total rate of accumulation of the plastic strain gradients,
dt (9) should also be considered in the constitutive description as it introduces additional isotropic hardening [71] . Note that Eq. (6) is used for obtaining Eq. (9) and assumes that ∇N = 0, which implies that if yielding occurs at a material point, then the surrounding volume of a deformation zone of diameter has also yielded (i.e., plastic localization zone) and that there is no change in the plastic flow direction within .
Similar to the definition of direction of the plastic strain, N , defined in Eq. (4), one can define the directions of the plastic strain gradient, ∇ε p , and the gradient of the effective plastic strain, ∇p, respectively, as
where M and N define the unite tensors of ∇ε p and ∇p, respectively, such that M : M = N : N = 1. Therefore one can easily show from Eqs. (10) and (6) that N , M , and N are related by the following identity:
Moreover, from Eqs. (4), (10), and (6), one can easily writė
Utilizing Eq. (11), one can write the right-hand Eq. (12) asė =ε
Therefore the generalized rate of total accumulation of the plastic strain and plastic strain gradients can be defined aṡ
where is the material length scale parameter used for dimensional consistency and
dt is the nonlocal effective plastic strain, which is intended to measure the total dislocation density. With the absence of plastic strain gradients, E reduces to the local effective plastic strain p. Hence, for a complete nonlocal constitutive description at small length scales, the internal power and the Helmholtz free energy should include not only the effects of ε p and p, but also the effects of ∇ε p , ∇p, and e. Analogous to the history variable in classical plasticity theory, p, the nonlocal history variable, e, introduces the history in the accumulation of ∇ε p and ∇p. Furthermore, although ε p , p, ∇ε p , ∇p, and e may have a common origin in dislocation storage and motion, they will be treated independently of each other. This gives different physical interpretations that guide one to different evolution equations and allow one to computationally introduce the influence of one scale on the other (e.g., the effect of mesoscale on macroscale). However, those variables are considered here as mathematically related to their local counterparts, and therefore special care must be taken to properly account for their coupling.
Moreover, some authors have considered in their thermodynamics formulations only the gradient of the plastic strain ∇ε p , whereas others have considered only the gradient of the effective plastic strain ∇p, and others have considered the effect of both ∇ε p and ∇p. For example, Fleck and Hutchinson [59] , Gao et al. [61] , Gurtin [66, 67] , and Gudmundson [69] have developed gradient theories that allow dependences on ∇ε p only. However, the theories of Fleck and Hutchinson [59] and Gao et al. [61] introduce ∇ε p such that only the isotropic hardening is included, without kinematic hardening (i.e., no Bauschinger effect). Gurtin [66, 67] did not incorporate ∇p in his variational formulation (i.e., the internal virtual power) but incorporated it in the functional definition of the Helmholtz free energy. Aifantis [39] , Mühlhaus and Aifantis [82] , Acharya and Bassani [75] , Liebe and Steinmann [88] , and Polizzotto and Borino [85] have developed gradient theories that allow dependences on ∇p. Voyiadjis et al. [91, 92, 104] introduced first-and second-order gradients in both isotropic and kinematic hardening. However, the kinematic hardening was introduced through an arbitrary flux variable. Recently, Abu Al-Rub et al. [70] , Abu Al-Rub [102] , and Voyiadjis and Abu Al-Rub [71] have included the effect of both ∇ε p and ∇p in the definitions of the internal virtual power and the Helmholtz free energy. In the following, the dependence of the internal virtual power and Helmholtz free energy on ∇ε p , ∇p, and e is the essential ingredient of the present strain gradient plasticity to incorporate size effects. It is argued that none of these variables exist without the other such that in formulating a higher-order gradient plasticity theory, these variables should contribute to the internal power and free energy.
Principle of Virtual Power
The principle of virtual power is the assertion that, given any subbody Γ, the virtual power expended on Γ by materials or bodies exterior to Γ (i.e., external power) will be equal to the virtual power expended within Γ (i.e., internal power).
Let n denote the outward unit normal to ∂Γ. The external expenditure of power is assumed to arise from a macroscopic surface traction t and a macroscopic body force b; inertia accompanies the macroscopic motion of the body, which is defined by the virtual velocity vector v, and a microtraction m at free surfaces and interfaces (e.g., particle-matrix interface) is a conjugate force for the plastic strain at the interface (physically due to dislocation pileup and transmission). Therefore one can write the external power in the following form:
where ρ is the mass density andv is the acceleration vector. The last term in the preceding equation is the new one as compared to the classical (local) form of the external virtual power, which results in a higherorder boundary condition generally consistent with the framework of a gradient-dependent theory. This higher-order boundary condition is imposed on free surfaces and interfaces.
The external power is balanced by an internal expenditure of power (i.e., P ext = P int ), characterized by an elastic stress σ defined over Γ for all time; the back stresses X and S conjugate to ε p and ∇ε p , respectively, and the drag stresses R, Q, and K conjugate to p, ∇p, and e, respectively. Specifically, the internal power is assumed to have the following form:
The first integral in Eq. (16) constitutes the definition of the local internal virtual power, whereas the second integral in Eq. (16) is meant to take into account the large spatial variations in ε p and p at small length scales. Also, one might argue that the preceding energetic balance might best be characterized through a dependence of P int on p and ∇p and not on ε p and ∇ε p , or vice versa, since all are related through Eqs. (12) . But the effects of these variables are different: A dependence of P int on ε p and ∇ε p gives rise to kinematic hardening, whereas a dependence on p and ∇p gives rise to isotropic hardening. Therefore the stresses X and S introduce kinematic hardening (i.e., the Bauschinger effect), whereas R, Q, and K introduce isotropic hardening. Note that the kinematical fields in Eqs. (15) and (16) are considered to be virtual. Equation (16) is based on the concept that the power expended by each kinematical field is expressible in terms of an associated force system consistent with its own balance [64] . However, these kinematical fields are no longer independent, and therefore special care is taken in the following sections to properly account for their coupling. The nature of this coupling can be determined using the principle of virtual power.
Substituting the relationε e =ε −ε p and the first and second Eqs. (12) and Eq. (13) into Eq. (16) yields
where, due to plastic incompressibility, one can easily prove that σ :ε p = τ :ε p , where τ ij = σ ij − 1/3σ kk δ ij is the deviatoric component of the Cauchy stress tensor, σ, and δ ij is the Kronecher delta.
Substituting Eq. (2) into Eq. (17) and applying the divergence theorem, one can rewrite Eq. (17) as follows:
By applying the axiom of equilibrium of the principle of virtual power to the region Γ, P ext = P int , from Eqs. (15) and (18), one obtains the following equilibrium equation:
Γ, v, andε p may be arbitrarily specified if and only if Macroforce balance
Macrotraction condition
Microforce balance
Microtraction condition
Equation (20) expresses the local static or dynamic equilibrium or the macroforce balance according to [66] . Equation (21) defines the stress vector as the surface density of the forces introduced. It also provides the local macrotraction boundary conditions on forces if the axiom of equilibrium of virtual power is applied to the whole region under consideration, as opposed to arbitrary subregions. One can view the microforce balance, Eq. (22), as the nonlocal plasticity yield condition, as outlined next. Also, one might view the microtraction condition, Eq. (23), as a higher-order condition (or internal boundary condition) augmented by the interaction of dislocations across interfaces, which will be explained subsequently.
Nonlocal Yield Criterion and Flow Rule
The microforce balance presented in Eq. (22) can be viewed as the nonlocal yield condition, which implies that a yield criterion or a plasticity flow rule can be directly derived from the principle of virtual power, without making further assumptions. Substituting Eq. (4) into Eq. (22) , one can easily write the following expression for the nonlocal plasticity flow rule in Eq. (5):
Moreover, by taking the Euclidean norm of Eq. (22), one can write
, one can then rewrite the preceding expression as the nonlocal yield criterion or the nonlocal plasticity loading surface f :
such that the flow rule in Eq. (24) can also be expressed byε
Comparing Eq. (27) with Eq. (4), one can rewrite the direction of the plastic flow as
One can notice that the stress div (S) is a back stress quantity giving rise to kinematic hardening, while the forces div (Q) = Q k,k and div (KN k ) = KN k,k + K ,k N k are giving rise to isotropic hardening. Moreover, if the higher-order gradients are neglected, one can easily retrieve the local plasticity theory.
Nonlocal Clausius-Duhem Inequality
Utilizing the derived microforce balance, Eq. (22), and the microtraction condition, Eq. (23), in Eq. (18), one can rewrite the expression for the internal power, defined in Eq. (16), as follows:
Comparing the preceding equation with its corresponding local expression (i.e., P int = Γ σ ijεij dV ) implies that the long-range (nonlocal) energy interactions can be nonvanishing at particle-matrix interfaces, which is represented by the second term, (32) and gives the so-called continuity boundary condition of Dirichlet type. This condition arises from the consideration that in general, the stress rateσ is continuous across ∂Γ p int , and thus the related elastic strain rate,ε e , and plastic strain rate,ε p , must be continuous. Moreover, this microplastic-clamped (according to the notion of [64] ) boundary condition places a constraint on the plastic flow and characterizes the full dislocation blocking and pileup at the interface. Moreover, ∂Γ p int could characterize a movable elastic-plastic boundary.
However, m is meant to be the driving force at the material internal boundaries (e.g., particlematrix interface) such that generally, m = 0. Hence, for an intermediate (i.e., not microtraction-free and not microplastic-clamped) boundary (i.e., m = 0 on ∂Γ
, one can define the density of the nonlocality energy residual, R, as follows:
Therefore, if one neglects the interior surface energy that results from dislocation interactions at the internal boundaries (e.g., internal boundaries at inclusions), the insulation condition of Polizzotto (e.g., [85, 86] ) can be expressed as
By substituting the expression for m from Eq. (23) into Eq. (33) and applying the divergence theorem, one obtains
from which R is given by
One considers here a purely mechanical theory (isothermal conditions are assumed) based on the requirement that the rate of change in the total free energy should be less than or equal to the power done by external forces [65] . If one denotes ρΨ as the specific free energy, this requirement takes the form of a free energy inequality:
Substituting the virtual work balance equation, P ext = P int , into Eq. (37) along with the new form of the internal power presented in Eq. (29), one can write the following thermodynamic restriction in a point-wise form:
The inequality in Eq. (38) is termed here the nonlocal Clausius-Duhem inequality, differing from its classical counterpart only in the presence of the nonlocality residual R. This inequality holds everywhere in Γ, but R = 0 at material points in the elastic zone. Moreover, for a homogeneous strain distribution R = 0, one retains the classical (local) ClausiusDuhem inequality.
Next, the nonlocal Clausius-Duhem inequality in Eq. (38) will be employed for deriving the thermodynamic restrictions and constitutive equations.
Helmholtz Free Energy and Interfacial Effects
The hardening in plasticity is introduced as hidden independent internal state variables in the thermodynamic state potential. The Helmholtz free specific energy function Ψ is considered as the thermodynamic state potential, depending on both observable and internal state variables. However, before giving its definition, a choice must be made with respect to the nature of the state variables. Here one chooses the same state variables that contribute to the internal power; namely, ε e , ε p , p, ∇ε p , ∇p, and e. Therefore it is argued here that these variables must appear in the definition of Ψ if they do contribute to the internal power expression. Moreover, plastic deformation is mainly carried by dislocations within the bulk (e.g., individual grains). Dislocations can move through the crystal grains and can interact with each other. Interfaces (particle-matrix interfaces and grain boundaries) often hinder their transmission, creating a dislocation pileup at the interface and thereby making the material harder to deform. Therefore, additionally to the bulk free energy, an interfacial energy φ (free energy per unit area) exists in the plastic boundary layer surrounding the inclusion (see Fig. 2 ). This interfacial energy introduces an interfacial resistance against dislocation motion, emission, and transmission. Therefore one can define the total free energy to have the following additive form: (39) where Ψ e is the elastic free energy, Ψ p is the plastic free energy, and I is another microstructural length-scale parameter (besides the bulk lengthscale parameter in Eq. (14)), which represents the boundary layer thickness. The reader is referred to [102] for more detail on the physical nature of I and to [80, 96, 97] for the physical nature of . Therefore both Ψ e and Ψ p are free energies within the bulk of the material, and φ is an interfacial energy within the boundary layer. The latter is dependent on ε p at the interface ( ε p | ∂Γ p = ε p(I) ). Therefore continuity of the strain field requires that both the interfacial plastic strain ε p(I) and the bulk plastic strain ε p be identical at the interface such that the boundary layer deforms plastically as the adjacent bulk material. The dependence of φ on ∇ε p will be investigated in a future work.
It is noteworthy that the inclusion of the interfacial free energy function φ directly into the definition of the Helmholtz free energy in Eq. (39) allows the interfacial layer or boundary surface to dissipate energy during interfacial plasticity similarly to the bulk of the material. The works of Gudmundson [69] , Aifantis and Willis [24, 100] , Fredricksson and Gudmundson [101] , Abu Al-Rub et al. [70] , and Abu Al-Rub [102] assume nondissipative interfaces.
It will be shown next that the microtraction stress m in the microscopic boundary condition in Eq. (23) is related to the interfacial energy φ. Taking the time derivative of Eq. (39) 
Making use of Eqs. (12), (13) , and (23) in Eq. (40), and applying the nonlocal Clausius-Duhem inequality from Eq. (38), along with Eq. (36), one obtains the following thermodynamic laws:
where σ y is the scale-independent yield strength. Note that in obtaining Eqs. (41), it is assumed that X = ρΨ p /ε p and R−σ y = ρ∂Ψ p /∂p such that X = 0 and R = σ y at initial yielding. For more detail, the reader is referred to [70] . Moreover, according to Eq. (43), φ = 0 designates a free surface where dislocations are allowed to escape (i.e., Eq. (31)), whereas φ → ∞ designates a microclamped interface (i.e., Eq. (32)) where dislocations are not allowed to penetrate. Hence, for intermediate interfaces where some dislocations are blocked and some can escape, finite values for φ are obtained.
To develop equations amenable to the analysis and computation, we will now consider an example for the definition of the Helmholtz free energy function Ψ and the interfacial energy function φ. One can assume decoupling between the elastic behavior and plasticity hardening (i.e., separable material) such that both Ψ e and Ψ p , which appear in Eq. (39) can be assumed to have the following quadratic analytical form:
where E is the symmetric fourth-order elastic stiffness tensor and a i (i = 1 − 5) are material constants. However, utilizing the relations
respectively, from Eqs. (3) and (9) for proportional loading, one can equivalently write Eq. (45) as
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Moreover, by assuming that the hardening moduli h = a 1 + a 2 and h 2 = a 3 + a 4 + a 5 , one can rewrite Eq. (47) as
where the generalized effective plastic strain E is given by Eq. (14) for proportional loading. Now, one can obtain the Cauchy stress from Eqs. (41) and (44) such that
and the local and nonlocal conjugate forces, by making use of Eqs. (41) and (42)(, respectively, as follows:
Moreover, substituting Eqs. (52)- (54) into the yield function f , Eq. (26), one can then write
with
where ∇ 2 designates the Laplacian operator and ∇ k designates the first gradient vector.
For monotonic and proportional loading (in the case of isotropic hardening), one can easily show, by using Eqs. (9) and (10) , that the last two terms on the left-hand side of Eq. (55) can be reduced to
such that f can be given by
Thus this theory shows that the Laplacian of the effective plastic strain contributes to the size of the yield surface (isotropic hardening) and the Laplacian of the plastic strain contributes to the movement of the center of the yield surface (kinematic hardening). It is also noteworthy that the present formulation links hardening to the gradients of plastic strain ∇ε p and the effective plastic strain ∇p and, respectively, not to ∇ 2 ε p and ∇ 2 p, consistent with basic notions of the role of the net Burgers vector and the geometrically necessary dislocations. Instead, ∇ 2 ε p and ∇ 2 p emerge in the resulting field equations as by-products of the more fundamental role of the plastic strain gradients.
The nonlocal yield function in Eq. (58) should be supplemented by the microscopic boundary conditions derived in Eqs. (23) and (43) . Abu Al-Rub [102] showed, after examining several mathematical forms of the interfacial energy, that the following expression for φ gives qualitatively good predictions of yield strength and the strain hardening increase with decreasing size for micro/nanostructured metallic systems, such that
where ||ε
is a measure of the plastic strain accumulation at the interface; γ = I σ y is the interfacial yield strength, analogous to the bulk yield strength σ y , which characterizes the yield strength of the boundary layer at the particle-matrix interface; and β = I h is the interfacial hardening, analogous to the bulk hardening modulus h, which characterizes the hardening during the transmission of dislocations across the interface. Therefore, if γ = 0, the interface would yield at the same time as the bulk yields, and consequently, the interfacial effect is controlled by the interfacial hardening parameter β, whereas, if β = 0, the interface would yield at a different time as the bulk yields, but the interface would not harden. Note that both the stiffness and hardening of the interface are altered simultaneously by the length scale I . Therefore Eq. (59) ensures that if I = 0, the interface will behave like a free surface, and one would obtain a micro-free boundary condition (i.e., m = 0). On the other hand, if I → ∞, then it would represent a condition for fully constrained dislocation movement at the interface, and one would obtain a microclamped boundary condition (i.e., ε p(I) = 0). This is consistent with the requirement that when ϕ → ∞, ε p(I) = 0, and when ϕ → 0, m = 0. The microtraction stress at the interface, m, can then be obtained from Eqs. (43) and (59) as
such that for ε p(I) = 0, m ij = ± I σ y δ ij . The microtraction stress is thus collinear with the plastic strain at the interface.
By taking the Euclidean norm of Eq. (60), one can write an interfacial yield condition, f (I) , similar to the yield condition for the bulk, f , such that
where the microtraction stress m at the interface is given by Eq. (23) such that after substituting Eqs. (52)- (54), and Eqs. (10), (12), and (13) for proportional loading, one can express m as follows:
The interfacial yield condition, Eq. (61), needs to be satisfied at the interface and can be used to determine the stress at which the interface begins to deform plastically and harden. This means that if ||m ij || < I σ y , then the interface is impenetrable to dislocations, and no plastic deformation is developed at the interface. Once ||m ij || = I σ y , the interface yields plastically such that the plastic strain there is not zero, which implies that interfacial hardening is activated. Then the interface continues to deform, as long as ||m ij || ≥ I σ y , in a linear hardening mode characterized by I h such that plastic strain accumulates in both the interface and the bulk interior through dislocation motion and multiplication.
PHYSICAL INTERPRETATION OF THE MATERIAL LENGTH SCALES
In spite of the crucial importance of the bulk (or matrix) material length scale in the gradient theory (see Eq. (58)), very few studies have focused on the physical origin of this length-scale parameter. In the literature, the microstructural origin of is rarely clear, and its value is usually a free parameter. In fact, the full utility of the gradient-dependent theory hinges on one's ability to identify accurate values for . More important is the difficulty of carrying out truly definitive experiments on critical aspects of the evolution of the dislocation, crack, and void structures that reveal the physical nature of . Abu Al-Rub and Voyiadjis [96] have concluded that the determination of should be based on information from micromechanical, gradient-dominant tests such as micro-and nanoindentation tests. Initial attempts have been made by Abu Al-Rub and Voyiadjis [96, 97] and Abu Al-Rub [98] to relate to the microstructure of metallic matrices and present a dislocation-based approach for the analytical identification of and show that is proportional to the mean free-path for dislocation motion, and is not constant (or fixed), but varies with the material microstructural features (e.g., the mean grain size in polycrystals or the mean particle size in particlereinforced composites) and the course of plastic deformation. Moreover, Abu Al-Rub and Voyiadjis [97] have shown for dynamic problems that decreases with increasing plastic strain, increasing strain hardening rates, increasing strain rate, and decreasing temperature, and its value is on the order of micrometers. Based on dislocation mechanics and comparisons with size-effect data from many microdeformation experiments on small-scale metallic specimens, Voyiadjis and Abu Al-Rub [99] have proposed the following expression for :
where d is the mean grain size or mean particle (inclusion) size, D is the mean interparticle spacing in particle-reinforced composites or other characteristic sizes, p is the effective plastic strain, and m is the strain-hardening exponent in power-law hardening plasticity. This equation shows that decreases with the effective plastic strain, increases with the grain size or inclusion size, decreases with the ratio of D/d, and decreases with the strain-hardening rate. It also shows that decreases from an initial value = d at yielding to a final value → 0, which corresponds to the classical local plasticity at very large values of D, d, or p.
On the other hand, based on Taylor's hardening law, Nix and Gao [60] have expressed in terms of macroscopic and microscopic quantities such that
where α is an empirical parameter (ranging from 0.1 to 0.5), G is the shear modulus, σ y is the yield strength, and b is the magnitude of Burgers vector. However, this expression gives constant values for , which is different than the expression in Eq. (63) . In this article, an additional material length scale is introduced, which is the interfacial material length scale I (see Eq. (61)). Recently, Abu Al-Rub [102] studied the physical origin of I and derived an expression for it based on the misorientation or misfit dislocation density at grain/particle/phase boundaries such that
where ν is the Poisson's ratio, e is the base of the natural logarithm, and r 0 is the radius of the dislocation core. This expression gives values on the range of interface thicknesses (i.e., a few nanometers) [102] . Obviously, critical microdeformation experiments, microstructural characterization techniques, and atomistic and discrete dislocation simulations on the dislocation activity within the bulk and at interfaces are highly needed to check the validity of the preceding expressions for the material length scales.
APPLICATION TO METALLIC MATRICES WITH DISPERSED HARD/SOFT PARTICLES
The proposed higher-order gradient plasticity has been implemented in the finite element code Abaqus via the user material subroutine UMAT. The direct and simple numerical implementation method for gradient-dependent theories, as presented by Abu Al-Rub and Voyaidjis [52] , has been utilized for calculating the plastic strain gradients. Therefore the reader is referred to [52] for more detail about the finite element implementation of the gradient plasticity theories. The implemented higher-order gradient plasticity is employed to handle size effects in advanced metal matrix composites with dispersed hard (e.g., ceramic), soft (e.g., metallic), or intermediate compliant inclusions (particles) under macroscopically uniform uniaxial stress σ 0 , where d is the particle size (see Fig. 2 ). For simplicity, the particles are assumed to be uniformly distributed and the matrix material is taken to be linearly hardening elastoplastic.
The ratio I / characterizes the nondimensional particle-matrix interfacial strength and hardening. Therefore different particle-matrix interfaces are characterized by different I / values. Moreover, different particle sizes are characterized by different ratios of /d. Therefore, depending on the value of the bulk length-scale parameter and the particle size d (in other words, depending on the ratio of /d), one can describe the effect of macro-, meso-, micro-, and nanoscales within the current framework. For example, if is set constant and equal to 1µm, then a ratio of /d < 1 describes particles of greater than a micron in size, whereas if /d > 1, the submicron size of particles is described. Results in Figs. 3 and 4 are presented for h/E = 0.2, where E is the Young's modulus. Different particle sizes are represented by /d = 0.1, 0.5, and 1 (for micron and greater particles), and 1.5 and 2 (for submicron particles). The particle volume fraction is taken to be constant at 12.5%. Therefore the focus is on the particle size effect.
In Figs. 3(a) and 3(b), the applied stress σ 0 (normalized with respect to the matrix yield strength σ y ) versus the calculated average strain (normalized with respect to the yield strain ε y = σ y /E) is shown for two particle-matrix interface conditions (i.e., depending on the value of the interfacial length scale I ): an intermediate interface with Fig. 3(a) ) and a stiff interface with I / = 1 ( Fig. 3(b) ). It can be seen from Fig. 3(a) or Fig. 3(b) that both the initial macroscopic yield strength (σ Y in Fig. 4(a) ) and the tangent hardening modulus (E T = dσ/dε in Fig. 4(b) ) increase as the particle size d decreases. However, a higher increase in both σ Y and E T is seen for a stiffer particle-matrix interface ( Fig. 3(b) ) as compared to a compliant interface (Fig. 2) .
Since the ability of the particle-matrix interface in resisting dislocation emission at the interface and transmission through the interface is characterized by the level of interfacial energy (or equivalently, More detailed parametric studies on the effectiveness of the different parameters in the proposed gradient theory and comparisons with available experimental data in the literature of size effects in advanced metal matrix composites will be presented in a future work. The focus will also be on combining interfacial hardening (as presented in this ar-ticle) and interfacial softening (e.g., using cohesive zone models) to study the impact of particle size and interfacial properties on the ultimate strength, failure, and ductility of metal matrix composites reinforced with dispersed particles at decreasing microstructural length scales.
CONCLUSIONS
A thermodynamic-based theory for small strain gradient plasticity is developed by introducing gradients for variables associated with kinematic and isotropic hardening. This theory is a three nonlocal parameter theory that takes into consideration large variations in the plastic strain, large variations in the accumulated plastic strain, and accumulation of plastic strain gradients. Thermodynamically consistent equations for the nonlocal plasticity yield a criterion, and interfacial yieldlike condition are derived based on the principle of virtual power and the laws of thermodynamics. It is shown that the presence of higher-order gradients in the plastic strain enforces the presence of a corresponding history variable brought by the accumulation of the plastic strain gradients. The latter is similar to the history variable in the classical plasticity theory such that none of the plastic strain or the effective plastic strain can exist without the other. Gradients in the plastic strain introduce anisotropy in the form of kinematic hardening and are attributed to the net Burgers vector, whereas gradients in the accumulation of the plastic strain introduce isotropic hardening, attributed to the additional storage of GNDs.
It is shown that the higher-order microscopic boundary conditions that result from the higherorder gradient-dependent framework can be related to the surface/interfacial energy at free surfaces and interfaces. This main contribution of the article can be used in explaining the particle size effect and the effect of particle-matrix interfacial strength and hardening properties on the overall yield strength and strain hardening rates in metal matrix composites. The interfacial yield strength explains the increase in onset of plasticity (i.e., the yield strength) of the composite as the particle size decreases, whereas the interfacial hardening (i.e., the ability of the interface to resist dislocation transmission across the interface) explains the further increase in strain hardening rate, and ultimately, the ultimate strength of the composite, as the particle size decreases. Both interfacial yield strength and interfacial hardening properties are scaled by an interfacial length scale, which is related to the boundary layer thickness at the interface.
Also, it is concluded that for rigid particles, the bulk (i.e., the metal matrix) length scale controls the particle size effect, whereas for soft and intermediate particles, the interfacial length scale controls the particle size effect.
Another future development is greatly needed that will combine interfacial/bulk hardening and softening to explain the particle size effect on the ultimate strength, ductility, and failure of advanced particle reinforced metal matrix composites.
